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Abstract We examine the development of an instability of fault slip rate. We consider a slip rate and
state dependence of fault frictional strength, in which frictional properties and normal stress are functions
of position. We pose the problem for a slip rate distribution that diverges quasi-statically within ﬁnite time
in a self-similar fashion. Scenarios of property variations are considered and the corresponding self-similar
solutions found. We focus on variations of coeﬃcients, a and b, respectively, controlling the magnitude of a
direct eﬀect on strength due to instantaneous changes in slip rate and of strength evolution due to changes
in a state variable. These results readily extend to variations in fault-normal stress, 𝜎 , or the characteristic slip
distance for state evolution, Dc . We ﬁnd that heterogeneous properties lead to a ﬁnite number of self-similar
solutions, located about critical points of the distributions: maxima, minima, and between them. We
examine the stability of these solutions and ﬁnd that only a subset is asymptotically stable, occurring at just
one of the critical point types. Such stability implies that during instability development, slip rate and state
evolution can be attracted to develop in the manner of the self-similar solution, which is also conﬁrmed
by solutions to initial value problems for slip rate and state. A quasi-static slip rate divergence is ultimately
limited by inertia, leading to the nucleation of an outward expanding dynamic rupture: asymptotic stability
of self-similar solutions then implies preferential sites for earthquake nucleation, which are determined by
distribution of frictional properties.
1. Introduction
This study considers the quasi-static development of an instability of fault slip as a mechanism for the
nucleation of an earthquake-generating dynamic rupture of the fault. This consideration is given within the
framework of a slip rate- and state-dependent frictional description. We review observations indicating that
frictional strength properties, and, in turn, the parameters underlying their description, likely vary over the
extent of fault surfaces. In light of this we examine how an instability develops on faults with such variations,
focusing on the nonlinear, late-stage acceleration that is expected to precede the nucleation of a dynamic rupture. We will ﬁnd that variations in frictional properties lead to preferential nucleation sites that are determined
a priori by the properties’ distributions.
We consider that a fault’s frictional strength is determined by both the instantaneous rate of slip and the slip
rate history, or state. Speciﬁcally, we consider the description formulated by Ruina (1983) on the basis of rock
friction experiments conducted at low sliding rates representative of the interseismic period (e.g., Dieterich,
1978, 1979; Ruina, 1983). Salient features of the observed rate and state dependence include a so-called direct
eﬀect, in which changes in sliding rate are instantaneously matched with changes of the same sign in frictional
strength. Additionally, following a change to a ﬁxed sliding rate, the frictional strength is observed to evolve
to a steady value over a characteristic amount of slip. Moreover, this apparent steady state value of frictional
strength is observed to be either an increasing or decreasing function of the slip rate. There are several lines
of evidence indicating these observed properties vary in magnitude over a given fault.
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The foremost indication follows from the early determination that some of the above properties clearly
depend on the ambient temperature. A large number of studies have examined or permitted the inference of
the temperature dependence of the direct eﬀect magnitude on both an experimental and theoretical basis
(Baumberger et al., 1999; Blanpied et al., 1991, 1995, 1998; Brechet & Estrin, 1994; He et al., 2007; Heslot et al.,
1994; Nakatani, 2001; Persson, 2000; Rice et al., 2001; Stesky, 1975, 1978; Stesky et al., 1974). A robust observation is an apparently linear dependence of the magnitude of the direct eﬀect on temperature, generally
thought to follow from the assumption that the slip rate is in part determined by a thermally activated process.
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Seismological and geodetic observations have also been used to infer variations of frictional properties.
Geodetic inferences include inversion for the magnitude of the direct and evolution eﬀects or steady state
rate dependence, which indicate variations of each at the crustal scale (Jolivet et al., 2013; Kaneko et al., 2013;
Lindsey & Fialko, 2016), and also include patterns of interseismic coupling suggesting transitions between
rate-strengthening and rate-weakening behavior, again on the crustal scale (e.g., Chlieh et al., 2008; Jolivet
et al., 2015; Kaneko et al., 2010; Perfettini et al., 2010; Villegas-lanza et al., 2016). Finer-scale variations are
suggested by seismological observations, which include precise relocations of microseismicity (e.g., Rubin
et al., 1999; Waldhauser et al., 2004) that show clustering interspersed by comparatively quiescent regions.
These last observations suggest a potentially mottled fault frictional behavior in which regions capable of
the spontaneous emergence of microseismicity are embedded within an otherwise stably creeping fault. This
image is further supported, for example, when considering relations between seismic moment and interevent
time of repeating seismicity (Nadeau & Johnson, 1998) that are well explained by models that appeal to
rate-weakening patches embedded within an otherwise rate-strengthening fault (Chen & Lapusta, 2009).
Field and laboratory studies identify a multitude of on-fault and external conditions that may be responsible
for spatial variations of frictional properties. Samples from exhumed and drilled faults show varied fault gouge
composition or fabric, which has been identiﬁed as contributing to strength variations (e.g., Carpenter et al.,
2014; Collettini et al., 2009; Ikari et al., 2014; Niemeijer & Vissers, 2014; Tesei et al., 2014; Wojatschke et al., 2016).
Such compositional variation may be due to the variability of the fault wall rock type or due to alteration of
fault gouge composition or structure. For instance, laboratory measurements show that the characteristic slip
distance for strength evolution is correlated with fault gouge thickness (e.g., Marone, 1998; Marone & Kilgore,
1993). Additionally, migration of aqueous ﬂuid facilitates spatially variable chemical alterations of the minerals
(e.g., Evans & Chester, 1995; Stierman, 1984; Wintsch et al., 1995).
Temperature dependence of frictional properties alone has motivated early seismic cycle models coupling
rate- and state-dependent friction to the deformation of elastic continua in contact (e.g., Lapusta et al., 2000;
Rice, 1993; Tse & Rice, 1986). Here the observed dependence is used as evidence for a transition in behavior
with depth from potentially unstable rate weakening, which permits the nucleation and propagation of an
earthquake rupture, to stable rate strengthening, which results in steady creep at depth. Apart from a narrow
transition zone, frictional properties are typically assumed to be uniform throughout the rate-weakening
interval, largely to maintain model simplicity. However, several studies have begun to examine how heterogeneous distributions of frictional properties aﬀect the earthquake cycle (e.g., Barbot et al., 2012; Hillers et al.,
2006), including correlations between ﬁnal earthquake size and property distributions (Hillers et al., 2007).
Prior analyses of the stability of interfaces of elastic continua following rate- and state-dependent frictional
strength has been limited to interfaces with uniform frictional properties and normal stress. Rice and Ruina
(1983) and Rice et al. (2001) examined the linear stability of uniform steady state sliding and found that such
sliding was stable to perturbations provided the perturbation wavelength was below a critical value. This
critical wavelength was independent of the particular form of so-called state evolution laws, provided their
linearizations coincide. Subsequent work investigated the progression of instability into the nonlinear regime,
in which the particular form of the state evolution law becomes important. Dieterich (1992) and Rubin and
Ampuero (2005) examined instability development under the so-called aging-law form of the state evolution
and found characteristic length over which slip rate accelerated which diﬀers from the critical wavelength
identiﬁed previously. In contrast, when examining the instability development under an alternative state evolution law, the so-called slip law, Ampuero and Rubin (2008) and Rubin and Ampuero (2009) found that the
slip rate appears to accelerate unstably with a vanishing length scale.
While the nonlinear aspect of later stages of instability development shifts focus of investigations toward
numerical solutions, analytical insight was gained, in particular, when Rubin and Ampuero (2005) found the
existence of a self-similar solution for instability development, under aging-law state evolution. Speciﬁcally,
the solution involved a ﬁnite-time divergence of slip rate with a ﬁxed spatial distribution and was found to exist
over a given range of a sole problem parameter (the ratio of coeﬃcients moderating the direct and evolution
eﬀects). Furthermore, numerical solutions for slip rate evolution within this parameter range that tracked the
progression of the slip rate instability were observed to asymptotically converge to the self-similar solution;
however, no such behavior was directly observed in their work outside of this parameter range and instead
slip rate acceleration appeared to give way to complex, unpredictable spatiotemporal patterns.
Viesca, (2016a, 2016b) subsequently examined nonlinear instability development under the aging-law state
evolution and found several additional analytical results. First, self-similar solutions exist over the entire range
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of the problem parameter (the ratio of direct and evolution eﬀect coeﬃcients). Second, these self-similar solutions could be understood as ﬁxed points of a dynamical system, which provides a framework to determine
whether the solutions are attractive and attainable. Third, the solutions were found to be unconditionally
attractive for the parameter range identiﬁed by Rubin and Ampuero (2005) but were found to be unstable
outside of this range, and chaotically so within a particular range.
Here we look to further develop the results of Viesca, (2016a, 2016b) to consider the role of heterogeneities
in frictional properties and normal stress in the development of earthquake-nucleating slip instabilities. In
section 2, we discuss fault frictional strength and stress, which provides governing equations. In section 3,
we consider the evolution of strength and stress during an instability and look for self-similar solutions for an
unstably accelerating slip rate under general variations in frictional properties and normal stress. In section 4,
we highlight two parameters of particular interest (the direct and evolution eﬀect coeﬃcients) as well as two
characteristic models of elastic continua with embedded slip surfaces relevant for models of fault, landslide,
or ice stream slip instabilities. In section 5, we ﬁnd self-similar solutions for these speciﬁc sets of parameters
and models and assess their stability in section 6. To demonstrate the validity of our results, we compare our
analysis with numerical solutions to the evolution equations for slip rate and state in section 7.

2. Fault Stress and Frictional Strength
A geological fault is represented here as an interface, within a continuum, across which relative displacement
may occur. Here we presume that the displacement of one side of the interface with respect to the opposing
side is a vector of uniform direction, tangent to the interface, but of a variable magnitude, denoted by 𝛿(x, t)
where x is a vector whose components indicate a position on the fault surface, and t is time. The relative
displacement magnitude 𝛿 is identiﬁed as the fault slip increment with respect to slip accumulated up to t = 0.
We denote 𝜏 as the magnitude of the shear traction on the fault plane and assume that it may be decomposed
into two principal components:
𝜏(x, t) = 𝜏el (x, t) + 𝜏ex (x, t)

(1)

We deﬁne 𝜏ex (x, t) as the magnitude of the shear tractions that would exist on the fault interface if the fault
remains locked at its reference state (i.e., 𝛿 maintained uniformly 0). 𝜏ex (x, t) can then be identiﬁed as having
two possible sources: that is, a contribution due to a history of slip preceding the reference point in time, which
may be spatially heterogeneous, but remains constant forward in time; and a potentially time-dependent
contribution arising from sources of external forcing, which lead to the accumulation of shear traction on the
interface under a locked fault.
The remaining component, 𝜏el , corresponds to shear traction change due slip 𝛿 . Speciﬁcally, under quasi-static
elastic deformation of the fault-bounding medium, 𝜏el , at any position x on the fault, depends on the instantaneous slip distribution 𝛿(x, t) on the fault (e.g., Bilby & Eshelby, 1968; Rice, 1968). We represent this relation by
an operator , which operates on a slip distribution and gives stress at any desired position as given below:
𝜏el (x, t) = [𝛿(x, t); x]

(2)

The operator  is a boundary representation of a stress-displacement relation from elastic dislocation theory
of which the underlying governing equations (stress-strain and strain-displacement relations, and equilibrium
equations) are all linear. As a result,  is a linear operator acting only on the instantaneous spatial distribution
of 𝛿 . In other words,  has properties such that
[𝛼(t)g(x) + 𝛽(t)h(x); x] = 𝛼(t)[g(x); x] + 𝛽(t)[h(x); x]

Additionally,  has the property that


[

(3)

]
𝜕
𝜕
𝛿(x, t); x =  [𝛿(x, t); x]
𝜕t
𝜕t

such that we may write
𝜕𝜏el
= [v(x, t); x]
𝜕t

(4)

where v = 𝜕𝛿∕𝜕t is the slip rate.
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We assume that the strength of the fault is purely frictional, given by
𝜏s (x, t) = 𝜎(x, t)f (x, t)

(5)

where 𝜎 is the fault-normal stress and f is the friction coeﬃcient. In the case of a ﬂuid-saturated fault zone, 𝜎
is the eﬀective fault-normal stress, given by 𝜎(x, t) = 𝜎n (x, t) − p(x, t), where 𝜎n is the total normal stress and
p is the pore ﬂuid pressure on the fault surface.
We consider a rate- and state-dependent constitutive formulation of frictional strength (e.g., Dieterich,
1978; Ruina, 1983). In this framework, the coeﬃcient of friction f at a position on the fault is a function of
the instantaneous slip rate v , a state variable 𝜃 , and material parameters a and b at that position and is
expressed as
[
]
[
]
v(x, t)
𝜃(x, t)
f (x, t) = fo + a(x) ln
(6)
+ b(x) ln
vo
𝜃o
The state variable 𝜃 contains information on the history of sliding. Here we consider aging-law state evolution
(Dieterich, 1979), represented as
v(x, t)𝜃(x, t)
𝜕𝜃
=1−
𝜕t
Dc (x)

(7)

When the contact surfaces are stationary, then 𝜃 grows proportionally to the contact time or age. Here Dc is
the characteristic slip distance over which friction evolves. In steady state, 𝜕𝜃∕𝜕t = 0 and the steady state
friction coeﬃcient is
[
]
v(x, t)
fss (x, t) = fo + [a(x) − b(x)] ln
(8)
vo
In (6) and above, fo is the reference coeﬃcient of friction at steady state sliding velocity vo and state 𝜃o =
Dc ∕vo . The parameters a and b are the properties of the contacting surfaces and are inferred from laboratory
experiments to be of the order of 10−2 . The parameter a moderates the magnitude of the immediate change
of friction in response to a sudden jump in steady state sliding velocity and is denoted as the direct eﬀect
coeﬃcient. The parameter b moderates the magnitude of the eﬀect of the state variable and state evolution
and is referred to as an evolution eﬀect coeﬃcient. For a sudden jump in velocity, the evolution eﬀect results
in friction evolving to a new steady state over the characteristic slip scale Dc . When a < b, the surface is steady
state rate weakening. Here we have allowed for a, b, and Dc to be functions of position on the fault.
To close the model, a frictional strength description requires that the total shear traction equals the frictional
strength, that is,
𝜏(x, t) = 𝜏s (x, t)
when and where the fault is sliding.
As mentioned previously, the above system is known to be linearly unstable to perturbations about a steady
state if the frictional interface is steady state rate-weakening (a − b < 0). Speciﬁcally, the instability is manifested as a divergence in sliding rate with time. In the next section, we begin by stating how that divergence
progresses in the nonlinear regime (i.e., beyond the linear regime of the prior stability analysis) and then
consider what are the implications for the evolution of shear stress and shear strength during this rapid acceleration phase. In light of these considerations, we will search for solutions for quasi-statically diverging slip
rate, allowing for spatial heterogeneity in frictional parameters and eﬀective normal stress.

3. Analysis of the Nonlinear Instability of Sliding Rate on Heterogeneous Interfaces
On the basis of scaling considerations of the resulting evolution equations we may deduce that during a
sliding instability, slip rate evolution follows the scaling 𝜕v∕𝜕t ∼ v 2 ∕Dc (e.g., Viesca, 2016a), which implies slip
rate diverging as
v(x, t) ∼ Dc ∕tf (t)

(9)

where tf (t) = tin − t denotes the time away from an instability time tin . Alternatively, we may have posited the
existence of a ﬁnite-time divergence in slip rate, in which no memory of initial conditions or external forcing
are retained. This leaves the above scaling as the only means of construction a slip rate dimensionally when
considering elastic deformation and frictional response alone (e.g., as also noted by Noda et al., 2013). In the
RAY AND VIESCA
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(a)
(c)

(b)

Figure 1. Schematic illustration of several model fault scenarios of a planar slip surface, along which lies one direction x ,
embedded within an elastic continuum. (a) This example illustrates a particular choice of model forcing condition: a layer
of ﬁnite thickness 2h undergoes a prescribed displacement rate of magnitude vb at the top and bottom boundaries.
(b and c) Two end-member scenarios of interactions among the points on the surface mediated by the elastic response
of the adjoining continua. In Figure 1b the fault surface is located parallel to and a depth h below a free surface at the
top; we consider conditions in which variations along the fault occur over distances much larger than h, which results in
short-ranged (local) interactions between the points on the slip surface. In contrast, for sliding at the interface of two
contacting elastic half-spaces (Figure 1c), there is a long-range (nonlocal) interaction between points along the surface.

following we ﬁrst consider the implications for strength and stress evolution when slip rate diverges in the
manner of (9) and then proceed to search for self-similar solutions to the nonlinear problem.
3.1. Rate of Shear Stress and Strength Evolution During Instability
We now consider the eﬀect of this divergence on the rate form of our frictional strength criterion
𝜕𝜏
𝜕𝜏
= s
𝜕t
𝜕t

(10)

𝜕𝜏
𝜕𝜏
𝜕𝜏
= el + ex
𝜕t
𝜕t
𝜕t

(11)

On one hand, the rate of shear stress is simply

where the ﬁrst term depends on the sliding rate as in (4) and, consequently, also diverges as 1∕tf as instability is approached. The speciﬁcs of the second term depends on the particulars of the fault location and
external sources of stress, but it may be generally expected that the stressing of the fault by external forces
follows a bounded rate, implying that the second term will eventually be negligible in comparison with the
ﬁrst. Consider, for instance, the model geometry of Figure 1a. Here
𝜕𝜏ex
𝜇
= vb
𝜕t
h

which is not only bounded but constant in time and uniform in space. Therefore, 𝜕𝜏el ∕𝜕t, the expression for
which may be deduced from the solution for an edge dislocation in a strip (e.g., as given implicitly by Horowitz
& Ruina, 1989), will quickly come to be the dominant contributor to shear stress rate as the instability is
approached.
On the other hand, the rate of shear strength is
𝜕𝜏s
𝜕𝜎
𝜕f
=
f +𝜎
𝜕t
𝜕t
𝜕t

(12)

When slip rate diverges as (9), the friction coeﬃcient f and its rate 𝜕f ∕𝜕t scale as log(tf ) and 1∕tf , respectively.
When the rate of the eﬀective normal stress rate is bounded, f 𝜕𝜎∕𝜕t can be neglected in comparison with
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𝜎𝜕f ∕𝜕t. This is the case, for instance, when the evolution of eﬀective normal stress is due solely to sources not
coupled with slip or slip rate, such as changes in pore pressure due to a ﬂuid source or ﬂuid migration.

However, there are scenarios where the terms in (12) may be comparable during a developing instability:
speciﬁcally, when the evolution of the eﬀective normal stress is itself linked to slip or slip rate. This may be the
case, for instance, when considering the dilatancy or compaction of a ﬂuid-saturated fault gouge. Under conditions of rapid deformation, such that evolution of porosity occurs on shorter time scales than ﬂuid migration
(undrained conditions), the rate of ﬂuid pressure (and, consequently, eﬀective normal stress) is proportional to
the rate of porosity. Simple models for dilatancy may link that rate of porosity directly to slip rate by way of an
angle of dilatancy, such that if slip rate diverges, the rate of porosity, and hence, eﬀective normal stress does so
similarly. More realistic porosity evolution models (e.g., Segall & Rice, 1995), based on lab experiments monitoring porosity evolution in sheared gouges (e.g., Marone et al., 1990), imply a weaker dependence of porosity
on sliding rate but may nonetheless lead to a comparable divergence of the eﬀective normal stress rate for
a slip rate diverging as (9). Likewise, ﬂuid pressure may also evolve due to rapid shear heating of saturated
fault gouge under an accelerating slip rate, in a process known as thermal pressurization (e.g., Lachenbruch,
1980; Mase & Smith, 1987). For example, under undrained, adiabatic conditions, the rate of eﬀective normal
stress is proportional to the sliding rate. Another mechanism to alter eﬀective normal stress is via alterations
to the total normal stress, which may occur, for example, when slip occurs along or near a bimaterial interface
or other boundary (e.g., Head, 1953). In these cases, the rate of total normal stress changes may be written as
an operation analogous to (4), such that the total normal stress rate diverges similarly with slip rate although,
in some instances, these normal stress variations may be negligible (see, e.g., supporting information in
Viesca, 2016b).
Prior work has examined the interplay of such slip-dependent mechanisms with the frictional description in
the development of interfacial sliding instabilities (e.g., Schmitt et al., 2011; Segall et al., 2010); however, here
we restrict ourselves to examining the case in which the rate of eﬀective normal stress rate remains bounded
to simplify analysis. In this case, the appropriate asymptotic analysis of instability development is to treat the
normal stress coeﬃcient in (12) as frozen at its value at time t = tin , and we update the notation to reﬂect this,
that is,
𝜎(x, tin ) ⇒ 𝜎(x)

As a result, under the conditions of diverging slip rate examined above, the frictional strength condition in
rate form is reduced to
𝜕𝜏el
𝜕f
= 𝜎(x)
(13)
𝜕t
𝜕t
3.2. Search for Solutions of Diverging Slip Rate Under Heterogeneous Frictional Properties
and Normal Stress
We begin with the ansatz that slip rate diverges as
v(x, t) =

Dc (x)
(x)
tf (t)

(14)

where (x) is a to-be-determined positive distribution. The evolution of the state variable follows by
substituting the ansatz in the aging law
(x)
𝜕𝜃
=1−
𝜃(x, t)
𝜕t
tf (t)

(15)

which has the solution, to within a temporal constant of integration C(x),
𝜃(x, t) = C(x)[tf (t)](x) +

tf (t)
(x) − 1

(16)

In the limit tf → 0, the leading order term of 𝜃(x, t) is either given by the ﬁrst or the second term if  ≤ 1 or
 > 1, respectively, implying the state variable 𝜃(x, t) evolves as
1 𝜕𝜃
1
=−
𝜃(x, t) 𝜕t
tf (t)

RAY AND VIESCA
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Consequently, considering that from (6),
a(x) 𝜕v
b(x) 𝜕𝜃
𝜕f
=
+
𝜕t
v(x, t) 𝜕t 𝜃(x, t) 𝜕t
we can express the rate of the friction coeﬃcient as
{
a(x) − b(x)(x) (x) ≤ 1
𝜕f
1
=
(x) > 1
𝜕t
tf (t) a(x) − b(x)

(18)

(19)

This, along with the stress-strength balance (13), casts the problem to determine the as-of-yet unknown
distribution (x), as ﬁnding the distribution that satisﬁes
{
a(x) − b(x)(x) (x) ≤ 1
[Dc (x)(x); x] = 𝜎(x)
(20)
a(x) − b(x)
(x) > 1
This problem is mathematically equivalent to that determining the slip distribution of a shear crack, with a
piecewise linearly slip-weakening friction, that is, in equilibrium with a background shear stress distribution,
given below
⎧ f (x) − [f (x) − f (x)] 𝛿(x) 𝛿(x) ≤ 1
p
r
⎪ p
𝛿c (x) 𝛿c (x)
𝜏b (x) + [𝛿(x, t); x] = 𝜎(x) ⎨
(21)
𝛿(x)
>1
⎪ fr (x)
𝛿
(x)
⎩
c
where fp and fr are the peak and residual friction coeﬃcients, 𝛿c is the critical slip distance beyond which f = fr ,
and 𝜎 and 𝜏b are fault-normal and background (i.e., initial) shear stresses. We compare (20) and (21), to ﬁnd
the following equivalences
a(x) ⇔ fp (x) − 𝜏b (x)∕𝜎(x)
b(x) ⇔ fp (x) − fr (x)
Dc (x) ⇔ 𝛿c (x)
(x) ⇔ 𝛿(x)∕𝛿c (x)

The problem of determining (x) is one of also determining its domain: that is, the problem for  involves a
stationary free boundary. We denote x = x b as the position of the boundary of compact support for  . In the
slip-weakening crack context, the necessary additional constraint comes from the requirement of the absence
of a crack tip stress singularity (i.e., the stress at the crack tip is the peak strength given by 𝜎(x b )fp (x b )). Given
the Williams expansion for crack tip stress ﬁelds (Williams, 1957), eliminating the stress singularity ahead of
the crack edge amounts to requiring that the boundary-normal gradient of slip 𝛿 vanish as the boundary is
approached. The equivalent condition on  implies that the singularity in stress rate arrives only through
the 1∕tf divergence of slip rate. In both contexts this condition is applied assuming that there are no circumstances that lock or pin a region of the slip surface against sliding, such that a singularity in stress or stress rate
may occur.
In the next section, we discuss classes of frictional parameter and normal stress heterogeneity and elastic fault
conﬁgurations. After, in section 5, we ﬁnd solutions for the distribution  for speciﬁc variations in each class.
Therein, we ﬁnd that heterogeneous distributions determine a ﬁnite number of potential nucleation sites. In
section 6, we determine that among these potential sites, only a subset may be preferred nucleation sites.
This is determined by a linear stability analysis of the slip rate blowup solutions. In section 7, we compare the
results of the above analysis to numerical solutions of the slip rate and state evolution equations.

4. Frictional Property Distributions and Model Fault Geometry
In the preceding section we posed the problem of a quasi-static slip rate instability as one with a known rate
of divergence and a to-be-determined spatial distribution  under conditions of generic spatial variation of
normal stress 𝜎 and frictional parameters a, b, and Dc . Proceeding toward solutions for that distribution, we
ﬁrst classify types of variations in parameters as well as end-members of a range of potential embedded fault
geometries. We will ﬁnd that when considering the problem for the distribution  , some parameter variation types may be equivalent to one another, which reduces the number of cases that need to be studied.
Additionally, we will classify interactions of points on the slip surface (mediated by the elasticity of the contacting bodies) according to the spatial range over which they occur, which will depend on the geometry of
the medium hosting the fault.
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4.1. Categorizing Frictional Parameter Heterogeneity
We are interested in how a variation in any of the frictional parameters may aﬀect the development of slip
instability, how variations in more than one parameter may compete, and whether any parameter exerts a
preeminent control on earthquake nucleation.
To begin, we will consider the variations of the direct and evolution eﬀect coeﬃcients a and b under uniform
𝜎 and Dc . One option is to explicitly vary each; however, given their role in determining the character of steady
state rate-weakening behavior, we choose to consider variations posed otherwise. Speciﬁcally, we prescribe
variations of the absolute magnitude of (steady state) logarithmic rate-weakening
m(x) = b(x) − a(x)

as well as variations in relative magnitude of (steady state) rate-weakening coeﬃcient
r(x) =

b(x) − a(x)
b(x)

where the choice to scale m by b (and not a) is arbitrary and inconsequential. In choosing variations of m and r
we are implicitly varying a and b as b(x) = m(x)∕r(x) and a(x) = m(x)(1−r(x))∕r(x). In this form, the strongest
absolute and relative rate weakening correspond to the maximum of m(x) and r(x), respectively.
A ﬁrst case to consider is variations of absolute and relative magnitudes of rate weakening that occur in concert. Such a variation may be achieved by prescribing a spatial variation of either a or b and keeping the other
constant. In this case, given that the maximums and minimums coincide, one might readily presume that
there would be a preference for slip instability to occur about local maxima, where steady state rate weakening is strongest in both senses. That such a variation may lead to a preferential location for the distribution of
 may also be anticipated by considering the equivalent slip-weakening crack problem. We recall that problem corresponds to determining and locating the distribution of slip for a shear crack with slip-weakening
friction in equilibrium with background shear stress. A variation of a under a uniform value of b (in addition
to uniform 𝜎 and Dc ) is analogous to a variation of the background shear stress 𝜏b (under uniform 𝜎 , fp , fr , and
𝛿c ): the resulting maximum in rate weakening (m or r) corresponds, respectively, to a maximum in 𝜏b , which
determines a preferential location for a shear crack.
In contrast, we will also examine variations in which the absolute and relative magnitude of relative rate weakening are varied out of concert, that is, such that a maximum of m(x) is a minimum of r(x), or the converse.
Such a case will serve to determine whether the absolute or relative magnitude is the determining factor for
the development of a slip instability (all other parameters held uniform). Additionally, we will also examine
variations of either the absolute or relative rate weakening while the other is held uniform. This will permit a
determination of the inﬂuence each alone has on instability development.
Speciﬁc variations of r and m have an equivalence to variations of fault-normal stress 𝜎 and slip evolution
distance Dc . A spatial variation of the eﬀective normal stress 𝜎 (with a, b, and Dc held uniform) is equivalent to
that of a spatial variation in m under uniform r (with and Dc and 𝜎 also held uniform). This is apparent because
𝜎 enters as a product with b and a such that the diﬀerence of 𝜎(x)a and 𝜎(x)b is a function of position whereas
the ratio of those two quantities is not. Thus, by prescribing a function m(x) and holding r to be uniform, we
implicitly consider the eﬀect of nonuniform 𝜎 . Similar considering the problem of determining  (20), we ﬁnd
that nucleation under spatially variable Dc can in some cases be considered in terms of an equivalent problem
in which b varies in space and a, 𝜎 , and Dc are uniform. We recall that this latter problem corresponds to r and
m varying in concert.
4.2. Settings of Slip Surfaces in Elastic Bodies and the Extent of Elastic Interactions
The friction coeﬃcient at a point on a sliding surface is determined by the slip rate and its history at that
point; points in space are coupled by elasticity of the contacting media such that slip at one point induces a
change in shear tractions at another point on the surface. We choose to examine two fault models that span
the potential range of interaction between points on the slip surface from long to short. In both models, the
variations of quantities on the slip surface (both problem parameters and variables) are assumed to occur
along one dimension, x .
The ﬁrst end-member model is one in which elastic interactions are short ranged. Speciﬁcally, we consider a
slip surface, within a half-space, that is parallel to the free surface and at a depth h below, and furthermore,
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Table 1
Variables and Nondimensional Parameters
Variable parameter
b(x), a(x)
a(x) only

Length scale (thin-slab)
√
̄ c ∕𝜎
Lnh = EhD
√
̄
Lbh = EhDc ∕𝜎b

Length scale (half-spaces)
Ln = 𝜇D
̄ c ∕𝜎
Lb = 𝜇D
̄ c ∕𝜎b

Note. Ē = 2𝜇∕(1 − 𝜈) (mode II) or 𝜇 (mode III); 𝜇̄ = 𝜇∕(1 − 𝜈) (mode II) or 𝜇 (mode III).

under the condition that variations along the slip surface are much greater than the depth h. In this limit, the
behavior is one of a layer, whose deformation is uniform in depth, overriding an eﬀectively rigid substrate,
despite having uniform elastic moduli (see, e.g., supporting information in Viesca, 2016b): that is, slip along
the interface is wholly accommodated by deformation of the overriding layer, which only varies in x . That
deformation may either be in-plane or out-of-plane, such that slip is either mode II or mode III, respectively.
This fault model is referred to here as a thin-slab or thin-layer model. The elastic interaction of the points on
the slip surface is local in nature and the operator  acting on the distribution of slip 𝛿(x, t) is (supporting
information Viesca, 2016b)
2
̄ 𝜕 𝛿(x, t)
[𝛿(x, t); x] = Eh
(22)
𝜕x 2
where the elastic modulus Ē = 2𝜇∕(1 − 𝜈) and Ē = 𝜇 for mode-II and mode-III sliding, respectively. 𝜇 and 𝜈
are the shear modulus and Poisson’s ratio, respectively.
The second end-member model is one in which elastic interactions are long ranged. Such interactions occur
for slip at the interface between two elastic half-spaces. The operator  operating on a distribution of slip
varying along x is given by
[𝛿(x, t); x] =

∞
𝜕𝛿(𝜉, t)∕𝜕𝜉
𝜇̄
d𝜉
2𝜋 ∫−∞
𝜉−x

(23)

where 𝜇̄ = 𝜇∕(1 − 𝜈) and 𝜇̄ = 𝜇 for in-plane and antiplane slip, respectively. The integrand is singular at
𝜉 = x , and the integral is evaluated in a Cauchy principal value sense. The nonlocal (long-range) character of
the interaction between points on the fault is evident in that  takes the form of a convolution operation.
Thus, given a particular fault model and choice of parameter variations, we may solve for the slip rate distribution  of (14). We look for distributions  with compact support, that is, with a domain on x within an
interval [L− , L+ ]. Given the highlighted equivalence of the problem, (20), posed for  with variable Dc or 𝜎
(and ﬁxed a, b) to the problem posed with variable a or b (and uniform 𝜎 , Dc ), we focus on the case assuming
uniform Dc and 𝜎 are constant and will return to consider their variation in light of the results to follow.
For uniform 𝜎 and Dc , the spatial distribution  for the thin layer scenario must satisfy
̄ c d2  { a(x) − b(x)(x) (x) ≤ 1
EhD
=
a(x) − b(x)
(x) > 1
𝜎 dx 2

(24a)

and at the interface between two half-spaces is given by
L+
𝜇D
̄ c
d∕d𝜉
d𝜉 =
2𝜋𝜎 ∫L−
𝜉−x

{

a(x) − b(x)(x) (x) ≤ 1
a(x) − b(x)
(x) > 1

(24b)

In both the cases, we are to solve for the interval Ω and the distribution (x) therein. The required boundary
conditions are  = 0 and d∕dx = 0 at x = L− and x = L+ . The former boundary condition ensures
continuity of slip rate on x , and the latter boundary condition, as discussed in section 3.2, ensures there is no
singular shear stress rate, apart from that owed to the 1∕tf divergence of slip rate. We denote the half-width
of the nucleating patch as L = (L+ − L− )∕2. This width and other, along-fault distances, may be measured with
respect to natural elastofrictional length scales that may be deduced from
√ the dimensional prefactors on the
left-hand side of (24a,b); the resultant length scales are proportional to 𝜇Dc h∕𝜎 and 𝜇Dc ∕𝜎 , respectively. In
the special case when b is held ﬁxed, a more natural deﬁnition for those length scales includes b as a prefactor
to 𝜎 . We deﬁne a shorthand notation for the four possible length scales in Table 1. Their primary purpose is
simply to nondimensionalize along-fault distances.
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We now proceed to obtain solutions of (x) for speciﬁed distributions of r(x)
and m(x). Where results are largely qualitatively independent of the range of
elastic interaction, we will focus on the speciﬁc results for the thin-slab model.
However, when the range of interaction plays a qualitatively determining role,
we will highlight the diﬀerence.

0.7

0.6

0.5

5. Self-Similar Solutions for Diverging Slip Rate Under
Frictional Parameter Distributions

0.9
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0
-5

-2.5

0

2.5

5

7.5

10

Figure 2. The direct eﬀect parameter a is varied, while the evolution
eﬀect parameter b is ﬁxed: consequently, the relative rate-weakening
magnitude r = (b − a)∕b and m = b − a vary in concert. (a) The
distribution of the former is shown. (b) We ﬁnd that two self-similar
solutions for slip rate exist on the fault interval considered: the spatial
distribution  of (14) is shown. The length-scale Lbh is deﬁned in
Table 1. Here like elsewhere unless otherwise noted, the thin-slab fault
model of Figure 1b is considered and results would be qualitatively
similar for a model with longer-range of interaction, such as that of
Figure 1c. The green and red colors indicate whether the solutions are
asymptotically stable, or not, respectively (see also section 6).

Given speciﬁc distributions of frictional parameters a and b, the function 
determining the distribution of diverging slip rate can be solved for in (24a)
or (24b). Because we ﬁnd that the behavior of solutions under short- and
long-ranged elastic interactions are often qualitatively similar, we focus on solutions to the short-ranged problem (24a). In the following, we consider spatial
distributions for the parameters a and b, expressed as variations of the relative and absolute magnitudes of steady state rate-weakening r = (b − a)∕b,
and m = b − a, respectively. We consider the two quantities to vary in or out
of concert, as well as variations occurring over disparate length scales, which
includes the possibility that one remains uniformly distributed while the other
varies. We ﬁnd that the self-similar solutions for diverging slip rate, represented
by the solution for  , are located around maxima, minima, and in some cases,
between the extrema, of the parameter distributions. That these solutions are
localized in space indicates a potential for preferential locations for instability
development. In the subsequent section, we will demonstrate by analysis that
a subset of these solutions can be deemed as favorable to occur, such that we
will be able to conclude heterogeneous frictional properties lead to preferential
sites for instability development, and ultimately, earthquake nucleation.

5.1. Scenarios for Which Locations of Self-Similar Instability Solutions Are Determined
by the Distribution of the Relative Magnitude of Steady State Rate Weakening, r = (b − a)∕b
Here we ﬁnd the self-similar solutions for diverging slip rate (i.e., distribution  ) under arbitrary variations
of r and m including the scenarios when (i) r(x) and m(x) vary in concert, such that their maxima and minima coincide; and (ii) r(x) and m(x) vary out of concert (i.e., their distributions are out of phase) and vary over
comparable length scales. Solutions are shown for the short-ranged elastic interaction, problem (24a), and
are qualitatively similar for the long-range case. Here we ﬁnd that for scenarios (i) and (ii), the variable relative magnitude of steady state rate weakening, r, determines the location (x), irrespective of variation of
m(x) and the range of elastic interaction. Speciﬁcally, we ﬁnd that (x) occurs at maxima and minima of the
distribution of r.
The rate-weakening magnitudes m = b − a and r = (b − a)∕b vary in concert if a varies in space and b
remains uniform. In Figure 2a we show the distribution of r and m resulting from one particular choice for the
distribution of a. In addition to a uniform value of b, the normal stress 𝜎 and slip-weakening distance Dc are
also presumed constant and the resultant problem for  is that of (24a). Numerical solutions of (24a) for 
are shown in Figure 2b. Speciﬁcally, we ﬁnd that a ﬁnite number of distributions i (x) (here i = 1, 2) exist
along an interval of position x along the fault. We note that the (self-similar) solutions i are located about
the local maxima and minima of steady state rate weakening. That there are only a ﬁnite number i (x) for
a ﬁnite interval of x of lies in contrast with solutions under uniform properties and normal stress (Rubin &
Ampuero, 2005; Viesca, 2016a, 2016b). In this latter case, a self-similar solution  , say, about an origin, could
be continuously translated along the fault due to the problem’s translational symmetry, implying that a ﬁnite
interval of distance along the fault hosts an inﬁnite number of self-similar solutions.
We now look to ﬁnd whether the magnitude or relative magnitude of rate weakening determines the location of the (self-similar) instability solutions i . To do so, we explicitly consider a spatial variation of the
rate-weakening magnitude m(x) that is phase shifted with respect to the relative magnitude r(x) (Figures 3a
and 3c). Both m and r are chosen to vary over similar length scales. The resulting locations for distributions
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i , shown in Figure 3c, coincide with the extremum of r(x), and not those
of m(x). Thus, perhaps surprisingly, in this case it is the relative magnitude
of steady state rate weakening, and not its magnitude, that determines the
location of the self-similar instability solutions.

5.2. Scenarios for Which Locations of Self-Similar Instability
Solutions Are Determined by the Distribution of the Magnitude
of Steady State Rate Weakening, m = b − a
1
We now consider two scenarios for which we ﬁnd that the magnitude of
steady state rate weakening determines the location of the self-similar
instability solutions. The scenarios are when the characteristic wavelength
0.5
of variation of the relative magnitude r = (b − a)∕b is much greater or
less than the characteristic wavelength of variation of m = b − a. Under
each scenario, we ﬁnd that the location  occurs about extrema of m.
0
-20
-10
0
10
20
Additionally, depending upon the rate at which m(x) varies in space, we
also ﬁnd  occurring between the extrema of m(x) distribution. We ﬁrst
Figure 3. (a) We examine the eﬀect of having m = b − a (blue) and
consider the case in which r is uniform and m varies (Figures 4a–4c). Here
r = (b − a)∕b (black) vary out of concert with comparable wavelength.
we ﬁnd that not only do the self-similar solutions exist about the extrema
(b) We show that the location of the self-similar solutions (14) occurs about
of m but, as mentioned above, we also ﬁnd the existence of a solution
the extrema of the distribution of r, not those of m. The length-scale Lnh is
occurring about the inﬂection point. On the other hand, we also consider
deﬁned in Table 1.
a variation of r that occurs over much shorter wavelengths than those of m
(Figures 4d–4f ). Here we also ﬁnd that m determines the location of the self-similar solution and that these
solutions again occur about the maxima, minima, and between them.
0.5

0.04

6. Self-Similar Solution Stability and Preferential Locations for Nucleation
In the previous section, we considered spatial variations in frictional parameters and we found the existence
of a ﬁnite number of solutions for a nonlinear, slip rate instability. These solutions were localized to extrema
in variations of steady state rate-weakening parameters and, in one case of parameter variation, to between
extrema as well. This raises the question of which, if any, of these solutions may be realized during unstable
evolution of slip rate on the fault. Speciﬁcally, we are interested to determine whether these solutions may
indicate a bias or preference for locations along the fault to host accelerating slip and the eventual nucleation
of dynamic rupture. To do so, we will ﬁrst recast the system of slip rate and state evolution equations to a system that is more amenable to examine instability development. We will ﬁnd that the solutions for diverging
slip rate of the form (14) correspond to ﬁxed points of this new system. Moreover, we can test the attractiveness of these ﬁxed points by performing a linear stability analysis of these ﬁxed points. A ﬁxed point being
attractive implies that slip rate, when accelerating unstably, may come to diverge in the fashion of (14) with
the distribution  corresponding to the ﬁxed point. We will ﬁnd that only a subset of the solutions found in
the previous section are attractive and that the location of these attractive places for instability will occur at
just one of the following locations: local maxima, minima, or between them.
6.1. Reexpressing Evolution Equations to Facilitate Analysis of Instability
Here we reconsider the governing equations for slip rate and state in light of the existence of the self-similar
solutions of diverging slip rate. First, we will ﬁnd an apparent alternative choice for a state variable, one
that is not expected to evolve in time when slip rate diverges in the manner of the self-similar solutions.
This alternative choice will provide a convenient indication of whether slip rate is close to or far from steady
state. Additionally, we will go beyond the ansatz (14) to consider that the spatial distribution may also evolve
in time. In doing so we will also ﬁnd a more convenient choice for the independent variable corresponding to the progression of time. This will ultimately lead to a new pair of evolution equations for which the
self-similar solutions are a ﬁxed point. In the subsequent subsections we will examine the stability of these
ﬁxed points.
Considering the rate of the friction coeﬃcient (18), the expression (13) resulting from the comparison of
strength and stress evolution during an instability, as well as the aging-law expression for state evolution (7),
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Figure 4. (a) We consider cases where r = (b − a)∕b varies over two extreme length scales, relative to those over which
m = b − a varies. We consider an extreme case where (Figure 4a) r is uniform with (b) m variable for which (c) the
self-similar solutions for slip rate instability localize to the critical points of m: maxima, minima, and between them. On
another extreme, we consider a case where (d) r varies much more rapidly than (e) m, again (f ) self-similar solutions
localize about the critical points of m.

we may rearrange to express the evolution equations for slip rate and state as
[
]
Dc (x)
[v(x, t); x] b(x) v(x, t)
1 𝜕v
=
+
1−
v(x, t) 𝜕t
𝜎(x)a(x)
a(x) Dc (x)
v(x, t)𝜃(x, t)
[
]
Dc (x)
v(x, t)
1 𝜕𝜃
=−
1−
𝜃(x, t) 𝜕t
Dc (x)
v(x, t)𝜃(x, t)

(25a)
(25b)

The last quantity in brackets in both expressions is a quantity of interest, which we denote as
Φ(x, t) = 1 −

Dc (x)
v(x, t)𝜃(x, t)

(26)

Given its deﬁnition, we can see that Φ can be interpreted as a measure of distance from steady state sliding:
Φ = 0 for steady state sliding (v𝜃∕Dc = 1) and Φ = 1 when state of the slip is far from steady state (v𝜃∕Dc ≫ 1).
We recall that for the self-similar solutions (14) both v ∼ 1∕tf and (𝜕𝜃∕𝜕t)∕𝜃 ∼ 1∕tf . Examining the evolution
equations (25) with this in mind implies that for these self-similar solutions, Φ remains constant in time and at
most a function of position: that is, Φ(x, t) = (x). We may determine this function by substituting expressions
for v and (𝜕𝜃∕𝜕t)∕𝜃 for the self-similar solutions, (14) and (17), respectively, into the above state evolution
(25b) equation, from which we ﬁnd that
{
(x) =

1
 ≤1
1∕(x)  > 1

(27)

such that (x) is determined once (x) is known.
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Apart from the self-similar solutions, however, Φ will generally evolve in space and time and may be considered as a surrogate for the state variable 𝜃 : that is, we may consider the problem of slip rate and state evolution
to be posed in terms of the evolution of v and Φ. The pair of evolution equations for that problem follow from
substituting Φ in (25a), and from the deﬁnition of Φ we can deduce that
[
(
)
]
[v(x, t); x]
b(x)
v(x, t)
𝜕Φ
= [1 − Φ(x, t)]
+
−1
Φ(x, t)
𝜕t
𝜎(x)a(x)
a(x)
Dc (x)

(28)

We now use the above considerations to examine whether the self-similar solutions are realizable. We begin
by relaxing the ansatz (14) such that the spatial distribution of slip rate is now free to evolve with time
v(x, t) =

Dc (x)
W(x, t)
tf (t)

(29)

We are interested in the evolution of W as tf → 0, speciﬁcally whether W(x, t) → (x). The time derivative of
(29) is
D (x)
D (x) 𝜕W
𝜕v
= c 2 W(x, t) + c
𝜕t
tf (t) 𝜕t
[tf (t)]

For both terms to remain comparable requires that 𝜕W∕𝜕t ∼ 1∕tf (t)1+𝜆 where 𝜆 is undetermined at this point.
This in turn suggests that an appropriate change of independent variable from time t to another variable s(t)
is implicitly deﬁned by
ds
1
=
dt
tf (t)

(30)

such that s ∼ − log[tf (t)], and s → ∞ as tf → 0.
This now casts the problem of examining the evolution of slip rate and state during instability development
to one of examining the evolution of W and Φ. We carry out the change of independent variable and change
our notation W[x, t(s)], Φ[x, t(s)] ⇒ W(x, s), Φ(x, s). This change of variable transforms the time evolution
equations (25a) and (28) for slip rate and Φ to the pair of evolution equations
[
]
[Dc (x)W(x, s); x] b(x)
𝜕W
= W(x, s)
+
W(x, s)Φ(x, s)
𝜕s
𝜎(x)a(x)
a(x)
[
(
)
]
[Dc (x)W(x, s); x]
b(x)
𝜕Φ
= [1 − Φ(x, s)]
+
− 1 W(x, s)Φ(x, s)
𝜕s
𝜎(x)a(x)
a(x)
W(x, s) +

(31a)

(31b)

Fixed points of the evolution equations (31) are solutions for W and Φ for which 𝜕W∕𝜕s = 0 and 𝜕Φ∕𝜕s = 0.
We recall that the self-similar solutions of diverging slip rate correspond to W(x, s) = (x) and Φ(x, s) = (x),
such that the self-similar solutions may be identiﬁed as ﬁxed points of (31) on this basis alone. Additionally,
we recall that (x) and (x) are determined by (20) and (27), respectively. We ﬁnd here that these conditions
are equivalent to conditions derived from the evolution equations (31) when looking for solutions for which
𝜕W∕𝜕s = 0 and 𝜕Φ∕𝜕s = 0, that is, solutions (x) and (x) satisfying
0 = [Dc (x)(x); x] + 𝜎(x)b(x)(x)(x) − 𝜎(x)a(x)

(32a)

0 = [1 − (x)] [1 − (x)(x)]

(32b)

Thus, we can now interpret the multiple solutions i obtained in the preceding section as multiple ﬁxed
points of (31).
The advantage of considering the pair of evolution equations (31) is that we may now examine the asymptotic stability of the ﬁxed points. A ﬁxed point is said to be linearly stable if small perturbations to  and 
asymptotically decay as s → ∞ (i.e., as tf → 0). In the next section, we outline such a stability analysis, which
we carry out for the speciﬁc fault models and classes of parameter variations considered in section 5.
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6.2. Stability Analysis of the Self-Similar Solutions
We analyze the stability of the ﬁxed-point solutions by considering perturbations about the ﬁxed points in
the form
W(x, s) = (x) + 𝜖𝜔(x, s)
Φ(x, s) = (x) + 𝜖𝜙(x, s)

Substituting the above in (31), we arrive to the set of linear evolution equations of O(𝜖) for the perturbations,
[ ] [
][ ]
A11 A12
𝜔
𝜕 𝜔
=
(33)
A21 A22
𝜙
𝜕s 𝜙
in which
A11 = (x)

[Dc (x) ∗ ; x] b(x)
+
(x)(x)
𝜎(x)a(x)
a(x)

b(x)
(x)2
a(x)
]
[
[Dc (x) ∗ ; x] b(x) − a(x)
+
(x)
= [1 − (x)]
𝜎(x)a(x)
a(x)

A12 =
A21

A22 =

b(x) − a(x)
[1 − (x)](x) − [1 − (x)(x)]
a(x)

To complete the linear stability analysis, we look for solutions 𝜔 = 𝜔(x)e𝜆s and 𝜙 = 𝜙(x)e𝜆s . For the ﬁxed-point
solutions considered in section 5, we solve the resulting eigenvalue problem numerically by discretizing 𝜔(x)
and 𝜙(x) along a set of points xi , i = 1, … , N within the domain of (x), (x), and by solving the resultant
matrix eigenvalue problem. Classiﬁcation of the stability of ﬁxed-point solutions is generally assessed from the
sign of the resulting eigenvalues; however, in the subsequent section, we brieﬂy draw attention to a necessary
consideration here of a special subset of eigenmodes whose presence is owed to the existence of a temporal
or spatial invariance of the governing equations.
6.3. Stable, Unstable, and Symmetry Eigenmodes
Generally, a ﬁxed point is said to be asymptotically unstable if there is at least one eigenvalue with positive
real part and asymptotically stable if all eigenvalues have negative real parts. Here we highlight that there may
exist two modes whose eigenvalues may take on a positive or zero real part but will have no bearing on the
assessment of asymptotic stability. Rather, these modes will be a consequence of translational invariance of
the governing equations in time or space (e.g., Bernoﬀ et al., 1998). In the problem considered here, however,
spatial invariance only occurs when frictional parameters and normal stress are uniform in space (i.e., the cases
considered by Rubin and Ampuero, 2005, and Viesca, 2016a, 2016b).
We ﬁrst consider the invariance with respect to time as a perturbation to the time of instability, tin . Recalling
from (30), the time from instability can be written as tf = tc e−s , where tc is a time scale set from the arbitrary
initial condition for (30). A small perturbation by the amount 𝛽tc to the time of instability results in the new
time from instability tf ,𝛽 being related to the prior tf as tf ,𝛽 = tf + 𝛽tc = tf [1 + 𝛽es ] such that
v(x, t) =

=

[
]
D (x) (x)
Dc (x)
(x) = c
tf ,𝛽 (t)
tf (t) 1 + 𝛽es

(34)

]
Dc (x) [
(x) − 𝛽(x)es
tf (t)

(35)

where the last expression follows from an expansion assuming a small perturbation 𝛽 . This ﬁnal expression
suggests that a perturbation to the time to instability is represented by eigenmode w(x) = (x) with a
corresponding eigenvalue 𝜆 = 1.
As noted, the existence of a spatial invariance occurs only with no spatial variations in friction parameters or
normal stress, for which we can consider perturbations to the location of instability. For small perturbations,
the ﬁrst-order expansion of the distribution  is
(x + 𝝐) = (x) + 𝝐 ⋅ 𝛁(x)
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This is identical to perturbing the ﬁxed-point (x) with eigenmode 𝜔(x) = 𝝐 ⋅𝛁(x), or simply 𝜔(x) =  ′ (x)
for a single dimension, and eigenvalue 𝜆 = 0. However, introducing heterogeneity in friction parameters
removes the invariance of the governing equations to spatial translations, and consequently, corresponding eigenmode can no longer exist. Speciﬁcally, under uniform properties a solution for (x) could be
continuously translated along the fault and remain a solution. In contrast, as shown in section 5, introducing heterogeneity limits solutions to a ﬁnite number of distributions of  at speciﬁc locations within a
region of the fault dictated by the distribution of parameters. In the next subsection, we examine issues
of stability of these remaining ﬁxed points to determine whether they may be considered attractive and
asymptotically stable.
6.4. Results of Stability Analyses of Considered Scenarios
We apply the stability analysis outlined in the preceding subsection to the self-similar solutions of the type
considered in section 5, chieﬂy involving variations in the magnitude m and relative magnitude r of steady
state rate weakening. We begin by brieﬂy reviewing key results of prior work concerning uniform parameter
distributions. We then consider in detail the speciﬁc cases in which m and r vary in concert as well as when
r is ﬁxed and m varies, and we highlight results for other cases. However, generally, we will ﬁnd that of the
self-similar solutions found about the extrema or near inﬂection points of distributions of m or r, only one
set will be asymptotically stable, with the remainder being unstable. Thus, we ﬁnd among these sets of solutions, only one set is indicative of being a preferential nucleation for instability development and earthquake
nucleation.
Viesca, (2016a, 2016b) considered the stability of self-similar solutions for the case of uniform frictional parameters and normal stress. The resulting problem reduced to one with a single parameter, 0 < a∕b < 1. A key
result was that the self-similar solutions were found to be asymptotically stable below a critical value of a∕b,
the precise value of which is dependent on the speciﬁc fault model (i.e., the choice of the operator ). For the
short- and long-range interaction models considered here (the thin slab or half-space in contact with another
half-space, respectively), those critical values were 0.5 and 0.3781 . . . . In Figures 5a–5c we show an example
self-similar solution for (x) and the stability analysis results for the short-range model under uniform parameters and a value of a∕b = 0.3. We show only the eigenmodes of the stability analysis whose real part is greater
than or equal to zero. Here there are two such modes and these modes correspond to those expected given
the spatial and temporal invariance of the problem: that is, eigenvalues of 𝜆 = 1 and 𝜆 = 0 and mode shapes
proportional to (x) and  ′ (x), respectively. Thus, we would conclude, in this instance, that the solution for
(x) is asymptotically stable.
In Figures 5d–5g we consider a perturbation to the uniform case: that is, the case of Figure 2 where m and
r vary in concert. For the interval along the fault shown, there exists two self-similar instability solutions
about the extrema of r and m (Figure 5e). The stability analysis of the solution located about the maximum
of steady state rate-weakening reveals only a single eigenvalue with positive real part, which corresponds to
that expected for temporal invariance (Figure 5f ). This mode is likewise present when considering the stability
of the solution about the minimum (Figure 5g) but is also accompanied by another mode with positive real
part, such that this ﬁxed point is asymptotically unstable. While this particular example is for short-ranged
elastic interactions, the result for long-range interactions is similar.
We next consider the stability of the self-similar solutions found when r is ﬁxed and m varies (e.g., Figure 4).
We found that for this particular case, self-similar solutions existed not only about extrema but also in the
intermediate region of inﬂection points. In examining the stability of these solutions, we will ﬁnd several
remarkable results. First, we ﬁnd that the stability results vary depending on the nature of the elastic interactions. For short-range interactions, solutions at the maxima of m are always unstable: that is, the regions with
the largest magnitude of steady state rate weakening are not attractive locations for instability. Considering
the equivalent problem of normal stress variations under uniform a, b, and Dc , this result implies that regions
of elevated normal stress are not attractive locations for instability under models such as thin-slab conﬁguration. For long-range interactions, it is the solutions at minima that are always unstable. Second, we ﬁnd that
the solutions about the inﬂection points do not always exist. Third, the emergence of these inﬂection point
solutions coincides with a change in stability of the solutions occurring about either the minima of m (for
short-range interactions) or the maxima (for long range) from stable to unstable.
In Figure 6 we consider the stability of the solutions shown in Figure 4. For each solution, we retrieve the
expected eigenmode corresponding to temporal invariance with the eigenvalue 𝜆 = 1. In addition, we ﬁnd
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Figure 5. Results from linear stability analysis of self-similar solutions for (a–c) spatially uniform values of the direct and
evolution eﬀect coeﬃcients a and b, and (d–g) variable a and uniform b. a and b are chosen such that r = (b−a)∕b = 0.6
throughout (Figure 5a). The spatial distribution  for the self-similar solution of the form (14) (Figure 5b). Due to the
problem’s spatial invariance, this solution may be translated continuously along x , though we plot only one solution,
centered at x = 0. Following the linear stability analysis (Figure 5c) of the solution shown in Figure 5b, we show the
eigenmodes whose eigenvalues have a positive or zero real part in Figure 5c. Here the only such eigenmodes are those
whose existence is owed to temporal invariance (solid black), for which 𝜆 = 1 and 𝜔(x) = (x) (eigenfunctions are
deﬁned within a multiplicative constant) and to spatial invariance (dashed black), for which 𝜆 = 0 and 𝜔(x) =  ′ (x)
(within a constant factor). With the absence of any other modes eigenvalues having with positive real part, we ﬁnd that
the self-similar solution represented in Figure 5b is asymptotically stable. For variable a under uniform b, the magnitude
m = b − a and relative magnitude r of steady state rate weakening vary in concert. The variation of r shown in Figure 5d
is that of Figure 2. The break in translational symmetry resulting from the nonuniform distribution of r results in only a
ﬁnite number of solutions for  , shown in Figure 5e. Likewise, following the linear stability analysis of these solutions, a
spatial invariance mode is absent, leaving only the expected temporal invariance mode (black) with 𝜆 = 1 in Figures 5f
and 5g where we again plot all modes whose eigenvalues have positive or zero real part. Additionally (Figure 5f ), we
ﬁnd that the solution in Figure 5e located about the maximum in m and r (green) has no other mode with positive real
part and is therefore asymptotically stable. However (Figure 5g), the solution in Figure 5e, located about the minimum
(red), has an antisymmetric mode (red) with positive, real-valued eigenvalue such that the solution is asymptotically
unstable. We will color code the asymptotic stability of solutions  with this green-red scheme throughout.

that the two solutions located about the extrema each has one odd unstable eigenmode and that no unstable
modes exist for the solution near the inﬂection point. Thus, interestingly, we ﬁnd that for this particular case
the solution near the inﬂection is the only asymptotically stable one and would be expected to be the most
attractive location for an instability to develop.
Motivated by the above curious result, we look to further explore the problem of the stability of the self-similar
solutions under ﬁxed r and variable m. Recalling that the direct and evolution eﬀect coeﬃcients are related to
m and r by a = m(1 − r)∕r and b = m∕r, the problem (20) determining  for uniform 𝜎 , Dc , and r reduces to
{
[(x); x]
(1 − r) − (x) (x) ≤ 1
=
(36)
−r
(x) > 1
𝜎m(x)∕(r Dc )
̄ , where mo is the average value of m over the
We consider a periodic variation of m in the form m(x) = mo m(x)
√
period. Considering the left-hand side of (36), this suggests appropriate length scales of Ln ∕mo and Lnh ∕ mo
for the model faults with long- and short-range interactions, respectively. To develop a low-parameter model
for a heterogeneous distribution of m, we consider variations of the form
(
[
])
x
m(x) = mo 1 + 𝛼 cos 𝜅
(37)
Lm
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Figure 6. Results from linear stability analysis of self-similar solutions found for uniform r = (b − a)∕b = 0.7, but
(a) variable m = b − a. (b) The self-similar solutions are found to occur about critical points of the distribution of m: the
maximum, minimum, and inﬂection point. Plots of all eigenfunctions whose corresponding eigenvalues have a positive
or zero real part for (c) o , (d) 1 , and (e) 2 . The stability analysis for the three solutions all shows the presence of the
mode owed to temporal invariance (solid black), with 𝜆 = 1. (Figures 6c and 6e) Additionally, the solutions located about
the extrema contain one additional unstable eigenmode each (solid red), while Figure 6d the solution about the
inﬂection point contains no such modes and is thus asymptotically unstable.

√
where Lm stands in for whichever of Ln ∕mo or Lnh ∕ mo is relevant for the fault model considered. For a given
wave number 𝜅 , we study the onset of heterogeneity by increasing 𝛼 from 0 toward 1.

In Figure 7, we examine the change in stability of the self-similar solutions located about the maximum and
minimum of the distributions (37) as 𝛼 is increased. First, considering the solutions about the maximum, we
ﬁnd that stability is immediately lost as 𝛼 increases from zero (Figure 7c). The loss occurs as the odd eigenmode corresponding to spatial invariance for the homogeneous case (with 𝜆 = 0 and 𝜔(x) =  ′ (x) for that
case) becomes an unstable mode with 𝜆 increasing from 0 with increasing 𝛼 . In contrast, examining the stability of self-similar solutions about the minimum (Figure 7f ), we ﬁnd that the same invariance eigenmode
initially transitions to become a stable mode: that is, 𝜆 initially decreases from zero with increasing 𝛼 . However,
the evolution of 𝜆 in this case is nonmonotonic and upon further increase of 𝛼 , 𝜆 becomes positive. Thus, at a
critical degree of inhomogeneity 𝛼 , the self-similar solution at the minimum of m loses stability. It is precisely
at this moment that the solutions between the extrema of m(x) come into existence. These solutions emerge
from the ﬁxed-point solutions at the minimum, and we show their migration in Figure 7h. Owed to the symmetry of the distribution m(x) about the minimum, it is actually a pair of solutions (x) that emerge: one
migrating leftward, as shown in Figure 7i, and one migrating rightward (not shown). Furthermore, the stability
analysis of this symmetric pair of solutions (Figure 7i) shows that they emerge as asymptotically stable solutions, while the solutions about the minimum loses stability. This suggests that bifurcation is a supercritical
pitchfork bifurcation. A slight change in the above results occurs when considering long-range elastic interactions: it is the self-similar solutions about the minimum of m which are always unstable for 𝛼 > 0 and the
solutions about the maximum go through an interval of stability phase before becoming unstable.
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Figure 7. Linear stability analysis results for a case in which the degree of parameter heterogeneity is gradually increased with parameter 𝛼 . Here r is uniform and
m varies in Figures 7a, 7d, and 7g as (a) m(x) = mo [1 − 𝛼 cos(x∕Lm )], (d) m(x) = mo [1 + 𝛼 cos(x∕Lm )], and (g) m(x) = mo [1 − 𝛼 sin(x∕Lm )] to highlight the behavior,
√
as 𝛼 is increased, of the self-similar solutions at minima, maxima, and between the extrema, respectively, of the variation (37). The length-scale Lm = Lnh ∕ mo .
(b, e, h) Self-similar solutions for three increasing values of 𝛼 (arrows indicate sense of increasing 𝛼 ). (c, f, i) The eigenvalue trajectory with increasing 𝛼 for the
eigenmode indicative of self-similar solution stability: that is, the eigenmode whose eigenvalue has the greatest real part which is not associated with temporal
invariance. In Figures 7c and 7f, when 𝛼 = 0 the eigenmode considered corresponds to the mode due to spatial invariance as both m and r are uniform (for which
𝜆 = 0); with increasing 𝛼 this mode ultimately becomes an unstable mode, following a stable interval for the case of Figure 7c. Interestingly, as indicated in
Figures 7h and 7i, the ﬁxed-point solutions emerge, at a ﬁnite value of 𝛼 corresponding to the point when the ﬁxed-point solution in Figure 7e becomes
unstable. Only a leftward propagating set of solutions (x) are shown in; however, there exists a rightward propagating set as well (symmetric about minimum
of m). This, in addition with the stability results, indicates that a symmetrical pitchfork bifurcation occurs at 𝛼 = 0.18 … indicated by the black colored ﬁlled
circles in Figures 7c, 7f, and 7i.

7. Numerical Solutions to Slip Rate and State Initial Value Problems
In section 5 we found that a ﬁnite number of self-similar instability solutions exist along an interval of the
fault when there is a heterogeneous distribution of frictional parameters. In the preceding section 6, we found
that only a subset of these solutions were deemed to be attractive on the basis of a linear stability analysis. In
this section, we further demonstrate that such attractive solutions are indeed preferential sites for dynamic
rupture nucleation. We ﬁnd solutions to initial value problems for slip rate and state in which an instability
is provoked. We show that the slip rate and state evolves in a manner that asymptotically approaches the
attractive ﬁxed-point solutions. This highlights an interesting feature of instability development: that is, the
late stage of instability development is independent of the conditions that initiate instability.
We numerically integrate the coupled system of evolution equations for slip rate v , (25a), and state 𝜃 , (7). We
consider simple initial conditions of uniform slip rate and perturbation to the state variable such that sliding
is initially at steady state everywhere except within a small region about the origin, where the state variable
is initially far from steady state (i.e., the measure Φ is locally peaked). The normal stress and slip-weakening
distance are uniform everywhere, and the frictional parameters a and b are varied via prescribed variations in
m = b − a and r = (b − a)∕b (Figures 8a and 8c). The system of evolution equations is integrated using an
adaptive fourth-order Runge-Kutta method using slip at a point in place of time as the dependent variable
to avoid issues of precision as the ﬁnite time of instability is approached (as discussed in greater detail in the
supporting information of Viesca, 2016a). The spatial discretization is uniform, and the operator [v(x, t); x]
is evaluated at the collocation points using the discrete Fourier transform and its inverse for both the shortand long-ranged versions of the operator , (22) and (23), respectively.
In Figures 8 and 8d the evolution of slip rate is shown at snapshots in time for both long- and short-ranged
elastic interactions. The qualitative nature of evolution is similar for both types of elasticity, and we present
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Figure 8. Numerical solutions to a slip rate and state initial value problem in which both (a, b) short-range and
(c, d) long-range elastic interactions are considered. Slip rate and state evolve on a fault whose frictional properties vary
with similar distributions of m = b − a and r = (b − a)∕b for each problem and are shown in Figures 8a and 8c. Slip rate
evolution at snapshots in time is shown in grey scale (darkening progressing with time) (Figures 8b and 8d); each curve
n
is scaled by its maximum value and is shown at intervals of vmax (t)∕vinit = 102 with n = 1, 2, … , 8; a slip rate instability
is provoked by an initial perturbation to the proximity to steady state Φ (red); solutions converge to an asymptotically
stable self-similar solution (dashed green). Simulations presume quasi-static deformation throughout; however, inertial
eﬀects leading to dynamic rupture initiation would be expected to become important somewhere between n = 3
and n = 4.

them for the sake of completeness. The initial condition Φ(x, t = 0) is shown by the red peaked curves. The
gray curves in the Figures 8b and 8d, which darken progressively to black with time, show the evolution of
slip velocity v(x, t), scaled by its maximum value at each snapshot. The dashed green curves are derived from
the stable self-similar solutions (and are equal to (x)∕max[(x)]). Clearly, the quasi-static acceleration of
slip rate becomes independent of the imposed initial condition, coinciding with the behavior of the stable
self-similar solution. We also note that the slip rate evolved away from the minimum of r(x), where there
exists an unstable ﬁxed-point solution, which here also corresponds to the minimum of m (i.e., the region of
strongest rate weakening). Although the asymptotic evolution of slip rate is indeed self-similar and independent of the initial condition and external forcing, when multiple attractors are present (periodically so here),
the slip rate evolution will be biased toward one depending on initial conditions and external forcing.

8. Discussion
We apply the analyses of the preceding sections to consider three problems in further detail. First, we consider the typical depth distribution of frictional parameters assumed in seismic cycles and show that several
model results can be anticipated on the basis of the frictional property distribution alone. Second, we examine
the question of what is the minimum size of a rate-weakening region that can support instability. We illustrate results when a rate-weakening patch is embedded within a rate-strengthening region and show that the
rate-strengthening region may participate in unstable acceleration. Last, we touch upon the role played by
the characteristic length scale over which frictional properties vary, relative to the size of the fault area over
which an instability develops.
8.1. Implications for Earthquake Nucleation in Seismic Cycle Models
We examine the depth distribution of frictional properties typically assumed in models of the seismic cycle
and, on this basis, show that the nucleation behavior observed in these models may be anticipated. We
also highlight how perturbations to the depth distribution may manifest itself in altered behavior in the
earthquake nucleation models.
Tse and Rice (1986), following experimental results of Stesky (1975), Dieterich (1981), and Tullis and Weeks
(1986), presumed a depth dependence of frictional properties in which a transition from rate weakening to
rate strengthening occurred at depth and used this dependence to formulate a model for the earthquake
cycle (schematically shown in Figure 9a), in which steady fault creep at depth drives the intermittent dynamic
rupture of the rate-weakening interval. Such a depth dependence was further bolstered by experiments under
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Figure 9. (a) Schematic of depth dependence of frictional properties and boundary conditions for two-dimensional,
antiplane earthquake cycle models. (b) Model results of Lapusta and Rice (2003) showing (left) slip distribution in time
with black contours plotted at 5 year intervals during an interseismic period, and red contours plotted at 5 s intervals
during a coseismic period; and (right) the depth dependence of the steady state rate-dependence a − b used in the
model. For the interval shown a = 0.15 while b varies, implying both m and r vary in concert. The lower black dashed
line indicates the location of the kink in the distribution of a − b. The upper black line is a distance 2L above where 2L is
the expected nucleation size on the basis of the analysis for nucleation under homogeneous properties (e.g., Rubin &
Ampueno, 2005; Viesca, 2016a) given the homogeneous values of 𝜎 , Dc , a, and b in that region. Remarkably, the interval
bounded by the dashed lines corresponds to the observed nucleation size in the numerical solutions. (c) Schematic plot
of both steady state frictional properties and eﬀective normal stress frequently used in seismic cycle models. (d)
Examining depth distributions of the type in Figure 9c, with uniform eﬀective normal stress, via the analysis of this paper
shows no instability solutions exist in the linear transition region. Rather, the uniform distribution of the rate-weakening
plateau implies the existence of a spatially translatable solution there. (e) Schematic of a simple perturbation, in which
the principal gouge compositions changes with depth between two materials, each with its own depth dependence for
a − b. The solid red line indicates the depth distribution of a − b. An interruption of the gouge composition, from material
1 to material 2, permits a preferential nucleation site on the lower sloped region. The dashed red lines indicate what
would be the depth distribution of a − b had the gouge been principally composed of material 1 or 2 at a given depth.

representative pressure and hydrothermal conditions (e.g., Blanpied et al., 1991, 1995, 1998; He et al., 2007)
and has continued to be incorporated in seismic cycle models since (e.g., Lapusta et al., 2000; Rice, 1993).
A recurring feature in these models is that the rate-weakening interval is dominated by uniform frictional
properties, represented by a plateau in the distribution in Figures 9b and 9c, with a linear transition to
rate-strengthening occurring at depth. Additionally, it is often the case that the eﬀective normal stress is taken
to be approximately uniform over the same interval, possibly owing to elevated fault zone pore ﬂuid pressures
(e.g., Rice, 1992). While these choices may also have been partly made for model simplicity, we ﬁnd that this
has a consequence of permitting the existence of a continuously translatable solution for (x): that is, there
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are an inﬁnite number of locations along the plateau this interval that are potentially attractive for the nucleation of an earthquake (Figure 9d). As seen in the results of Lapusta and Rice (2003) shown in Figure 9b, only
one (or, in other instances, a small subset) of these locations is chosen due to bias provided by the manner of
external forcing.
However, on the basis of our analysis, this sensitivity to the external forcing and the potential variability for
earthquake nucleation locations is expected to be reduced or altogether eliminated under somewhat generic
adjustments to the depth dependence. One possibility is a proﬁle like that of Figure 9a, however, under a
smoother distribution (e.g., continuous in the ﬁrst derivative with a unique minimum). Such distributions
will have a global maximum in rate weakening and will admit a single-instability solution about that
maximum. In this case, there is a single location on the fault to which, under quasi-static conditions, a developing instability will asymptotically approach. While inertial eﬀects do not permit the continued acceleration
of a location on the fault, such a global maxima will nonetheless provide a persistent bias for the location of
nucleation. Another possibility is that there remains an interval of rate weakening, but the distribution is less
smooth and more reminiscent of that in Figure 2, in which multiple, locally attractive nucleation sites may
occur about local maxima. In this case, a ﬁnite number of nucleation sites occur and that of any given site will
determine the location nucleation will itself be determined by both the external forcing and history of sliding.
Nonetheless, a correlation of earthquake nucleation locations and the distribution of rate-weakening properties would be expected. To highlight how our analysis would inform another model distribution, we consider a
speciﬁc example scenario sketched in Figure 9e. Here we consider that the principal fault gouge composition
alternates between two materials, each with its own temperature (and hence, depth) dependence of a and b.
Here the alternation is such that a rate-weakening interval is interrupted by a rate-strengthening patch. The
existence of this rate-strengthening patch permits the existence of a solution for (x) (and hence, a preferential nucleation site) on the remaining sloped rate-weakening transition region at depth. This simple example
is one of many conceivable; however, the key result here is that we provide a framework to determine the
potential nucleation sites resulting from a given distribution of frictional properties and normal stress.
8.2. Minimum Size of Rate-Weakening Region That Can Nucleate an Instability
We now apply the analyses of the preceding sections to the problem of establishing what is the minimum
size of a rate-weakening patch that may permit unstable acceleration of fault slip. The interest in such a minimum size is to establish the existence of a critical length scale that characterizes qualitative changes in the
nature of accelerating slip, if any, on a fault containing a rate-weakening patch. Speciﬁcally, we look toward
the existence and type of self-similar instability solutions as an indication whether the spontaneous nucleation of seismicity may transition toward the nucleation of small dissimilar earthquakes, elevated but aseismic
slip rates, or steady creep, as the size of the rate-weakening patch is reduced in comparison with the critical
length scale.
A ﬁrst estimate of such a minimum rate-weakening patch size is the critical wavelength 𝜆cr found by linear stability analysis of a uniformly rate-weakening interface. The critical wavelength is that which separates
whether perturbations grow at wavelengths larger than the critical or decay for those smaller (e.g., Rice &
Ruina, 1983; Rice√et al., 2001). The wavelength depends on the nature of the elastic interactions and is given
by 𝜆cr = 2𝜋Lbh ∕ 1 − a∕b and 𝜆cr = 𝜋Lb ∕(1 − a∕b) for the thin-slab and contacting-half-spaces conﬁguration,
respectively (e.g., Lipovsky & Dunham, 2017; Rice & Ruina, 1983; Viesca, 2016a). However, while a convenient
ﬁrst estimate, this neglects the heterogeneity of frictional properties and the nonlinearity of the governing
equations. Skarbek et al. (2012) improved on the homogeneous fault representation by modeling a fault with
both rate-weakening and rate-strengthening regions as a pair of coupled spring-block sliders, each sliding
on either a rate-strengthening or rate-weakening surface, and performed a linear analysis of steady-sliding
stability to estimate an alternative critical wavelength.
Our results on self-similar instability solutions and their attractiveness provide a means of establishing a
minimum that respects both the inherent problem nonlinearity and frictional property distributions. While
the speciﬁc examples considered in the preceding sections focused on variable but strictly rate-weakening
(a < b) properties, the analysis readily extends to distributions with transitions between rate-weakening and
rate-strengthening (a > b) behavior. We consider the problem of a rate-weakening patch embedded within
a rate-strengthening region. In addition to crustal-scale seismic cycle models, such conﬁgurations appear,
for example, in models of problems ranging from repeating microseismicity (e.g., Chen & Lapusta, 2009),
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to spontaneous emergence of slow slip events (e.g., Liu & Rice, 2005), to stick-slip behavior of ice streams (e.g.,
Lipovsky & Dunham, 2017).
We look to establish the minimum size of a rate-weakening patch that permits the existence of a self-similar
solution, and whether that solution is asymptotically stable. We consider the thin-slab fault model and a distribution of frictional properties, in which a rate-weakening patch of width w, with uniform values of a and b,
is embedded within an outer rate-strengthening region, also with uniform values of a and b. We are interested
in the minimum value of the width w that admits a self-similar instability solution, wmin . If the outer region
is rate neutral such that (a∕b)out = 1, we ﬁnd a closed form expression for wmin : wmin = 2Lbh ∕[1 − (a∕b)in ],
where 0 < (a∕b)in < 1 is the ratio of a and b in the rate-weakening patch. Comparing this wmin with the
critical wavelength 𝜆cr from the linear stability analysis corresponding to the thin-slab problem, we ﬁnd that
wmin remains below 𝜆cr , evaluated using (a∕b)in , for most values of (a∕b)in . Finding the minimum width wmin
under arbitrary choices of the pair of parameters (a∕b)out > 1 and 0 < (a∕b)in < 1 is outside the scope of
the present discussion; however, the expression for wmin for a rate-neutral exterior region can be considered
a lower bound. We may also examine the more general problem of ﬁnding (x) given (a∕b)in , (a∕b)out , and
w. In Figure 10d, we highlight a speciﬁc example of a distribution in which (a∕b)out = 1.2, (a∕b)in = 0.3 and
w = wmin (≈ 3.16Lbh ). In Figure 10e, we plot the solution for (x) given this distribution. Interestingly, we
ﬁnd in this case that (x) extends into the rate-strengthening region (i.e., 2L > w): the self-similar solution
indicates that the rate-strengthening region participates in the unstable acceleration of slip. If w is decreased
below wmin , while (a∕b)out and (a∕b)in remain constant, there would no longer exist a solution for (x). If w
is increased, we would eventually ﬁnd solutions where (x) is wholly supported within the rate-weakening
region (i.e., 2L ≤ w). The point at which this transitions occurs is when w reaches the value of 2L given by the
solution for (x) under a homogeneous distribution of frictional parameters with the ratio (a∕b)in (i.e., the
problem considered by Rubin and Ampuero, 2005; Viesca, 2016a, 2016b).
If rate-weakening patches exist, then the above results present three possible scenarios. One scenario is shown
in Figure 10a, in which the rate-weakening patch size is greater than the nucleation patch size (i.e., corresponding to the case 2L < w in the thin-slab example above). In this scenario slip instability may give way
to a dynamic rupture that can propagate across the rate-weakening patch, and beyond if there is a transition
from rate-strengthening to weakening at coseismic slip rates, or if the density of rate-weakening asperities
is suﬃciently large (e.g., Dublanchet et al., 2013). In this scenario, nucleation requires only small perturbation for w suﬃciently large. A second scenario is shown in Figure 10b, in which the rate-weakening patch size
is less than the extent of the instability solution (i.e., w < 2L in the thin-slab example). Here slip instability
may give way to dynamic rupture, which will quickly dampen unless coseismic weakening mechanisms are
triggered. Such behavior might appear as a triggered aseismic slip event or a dynamic rupture that radiates
dissimilarly to events with a larger runout distance, with diﬀerent characteristic initial and stopping phases.
For nucleation patch size to extend beyond the rate-weakening patch implies that the rate-weakening patch
is marginally unstable: that is, for the thin-slab example, this corresponds to w approaching wmin , which is
expected to be less than 𝜆cr from the stability analysis of steady sliding to inﬁnitesimal perturbations. This
suggests that ﬁnite perturbations may be required to initiate a slip instability in this case. A third scenario
is when the rate-weakening patch size is so small that no self-similar solutions exist. This likely implies that
the rate-weakening patch will be slaved to the sliding surrounding rate-strengthening and undergo stable,
near-uniform creep.
8.3. Length Scales of Nucleation and Parameter Variation
The length scale(s) over which frictional properties vary and the extent of the fault that an instability solution
occupies are independent quantities and their ratio is a problem parameter. The former may be determined,
for example, by variations in temperature and fault gouge composition, while the latter has a characteristic
length scale of the type found in Table 1. In the examples of property distributions considered in sections 5–7,
for which we found solutions for self-similar instability and their stability, the rate of variation of frictional
properties was comparable to the self-similar solutions’ along-fault extent (i.e., the distance L for the examples
considered). Here we brieﬂy discuss circumstances in which the two quantities may be disparate and the
implications for instability development.
On one hand, variations on the crustal scale, as discussed in subsection 8.1, provide suﬃcient heterogeneity for seismic cycle models while the nucleating patch size may be expected to be much smaller—on the
meter to tens-of-meters scale, owing, for example, to small, μm-to-mm-scale values of the characteristic slip
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Figure 10. (a–c) Schematic of steady state velocity-weakening patch of varying sizes in a velocity-strengthening region.
(a) Rate-weakening patch is large enough such that the self-similar instability solution occurs within the rate-weakening
domain (Figure 10a). Size of velocity-weakening patch is just large enough to admit a self-similar instability solution,
whose boundary is denoted by a dashed curve, which may extend into the rate-strengthening region (Figure 10b). The
rate-weakening patch size may be smaller than a critical patch size expected from a linear stability analysis, implying
that instability development in this case may require a ﬁnite perturbation. In the absence of engagement of strong
weakening at the elevated slip rates instability about the rate-weakening patch would give rise to a slow or a subdued
dynamic slip event in the surrounding rate-strengthening region. Size of velocity-weakening patch is suﬃciently small
such that no self-similar instability solution exist (Figure 10c). (d, e) An in-plane or antiplane example of the situation in
Figure 10b. The distribution of a(x)∕b is given in Figure 10d and the corresponding solution of (x) in Figure 10e. The
solution is asymptotically stable. The size of the rate-weakening patch is the smallest possible for a stable ﬁxed-point
solution, given the inner and outer values of a∕b.

distance Dc . If property variations occur only on the crustal scale, large swaths of the fault might appear as
nearly homogeneous such that the results of Rubin and Ampuero (2005) and Viesca, (2016a, 2016b) apply
(as indicated by the spacing of the black-dashed lines in Figure 9b). However, as noted in the previous subsection, the manner of crustal-scale variations may still play a determining role in the location of earthquake
nucleation in the models. Furthermore, our results highlight the costs of homogenizing for model simpliﬁcation purposes, or otherwise neglecting, what in reality may be a more heterogeneous distribution. Under
homogeneous properties, spatial invariance leads to an inﬁnite number of potential locations for instability to develop whereas heterogeneous properties, even within entirely rate-weakening regions, provide a
countable number of preferential nucleation locations.
On the other hand, there are conditions in which the nucleating patch size may be larger than the scale over
which properties vary. Given that the expected nucleation patch size is inversely proportional to the eﬀective
normal stress, one such condition is when fault pore ﬂuid pressures reach near-lithostatic values. Indications
for such follow from models of fault zone ﬂuid ﬂow or mineral dehydration in subduction zones, as well as
from seismological observations and inversion of models of slow slip (e.g., Audet et al., 2009; Liu & Rice, 2007;
Rice, 1992; Saﬀer & Tobin, 2011). When the self-similar solution length scale is much larger than that characterizing, say the variation of a − b, a self-similar solution will encompass several maxima and minima of the
distribution. When the number of encompassed extrema are large, a large number of instability solutions
exist, each separated only by a small shift relative to its extent. Thus, while explicit consideration of the heterogeneity removes a spatial invariance, a discrete but near-continuous translatability of instability solutions
is retrieved when the length-scale disparity is great. in this case, there may no longer be a reliable prediction
as to preferential location of instability.
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This scenario is examinable with the model property distribution of (37). Speciﬁcally, we may start with a
ﬁnite value of 𝛼 but inﬁnitesimal value of 𝜅 such that the distribution is nearly homogeneous. Taking 𝜅 as a
problem parameter, which implicitly compares the wavelength of variation to the length-scale Lm and has a
larger range to explore heterogeneity than 𝛼 , we may examine the behavior in the limit 𝜅 → ∞. Doing so, we
retrieve the initial pitchfork bifurcation of the type seen in Figure 7 at a ﬁnite value of 𝜅 . As 𝜅 is increased, this
bifurcation is followed by a localization of self-similar solutions centers to maxima and minima of a − b, as well
as an alternation of their stability as a series of transcritical bifurcations. We leave a more detailed discussion
of such a scenario for later work.

9. Summary and Conclusion
A number of observations point toward a likely variation of fault frictional properties and normal stress, both
downdip and along strike. Considering a slip rate- and state-dependent description of the frictional strength
of a fault within an elastic continuum, we examine the nonlinear spatiotemporal development of a slip rate
instability under heterogeneous frictional properties and normal stress. Such instabilities are thought to
nucleate the earthquake-generating dynamic rupture of faults. We ﬁnd the existence of self-similar solutions
of a slip rate instability that are determined by the frictional parameter and normal stress distributions, as well
as the details of the setting of the slip surface within the elastic medium, but are otherwise independent of
initial conditions and external forcing. We ﬁnd that the problem determining these solutions is equivalent to
that determining the distribution of slip for a crack with a piecewise-linear slip-weakening friction coeﬃcient
in equilibrium with a given stress state, in which the fault shear and normal stresses, as well as the peak and
residual levels of the friction coeﬃcient and characteristic slip distance, are heterogeneous in space.
We further examine the particular case of variations in parameters controlling the local steady state
rate-weakening behavior of the fault: the direct and evolution eﬀect coeﬃcients a and b. We consider variations in the magnitude of steady state rate weakening, m = b − a, as well as the relative magnitude
r = (b − a)∕b. While attention is explicitly given to the consequence of spatial distributions of this parameter
pair, with the normal stress 𝜎 and critical slip distance for state evolution Dc remaining uniform, we ﬁnd that
particular variations of a and b are equivalent to the variations in 𝜎 or Dc , such that results presented here
can be implicitly extended to evaluate such cases. For instance, variations in m with uniform r correspond to
variations 𝜎 under uniform values of a, b, and Dc . Under the prescribed variations of m and r, we solve for
the self-similar solutions. When frictional parameters or normal stress vary, only a ﬁnite number of self-similar
solutions exist. For the cases considered, we ﬁnd that the solutions are localized to extrema, and in some cases
between the extrema, of the distributions of m and r, determined partly by the relative distances over which
the quantities vary.
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While we ﬁnd that a number of self-similar solutions exist intermittently along the fault, we consider whether
any of these solutions are attractive, and hence, a preferential site for earthquake nucleation. Speciﬁcally, we
ﬁrst reformulate the problem for slip rate and state evolution as that of a dynamical system in which the
self-similar solutions are ﬁxed points. Subsequently, we perform a linear stability analysis to assess whether
the ﬁxed points are asymptotically stable (and consequently, attractive) or unstable (relatively unattractive).
We ﬁnd that only a subset of solutions are attractive (e.g., those occurring about a coincidental maxima of r
and m, when those quantities vary in concert), with the other set (e.g., those about the coincidental minima of
r and m) being unstable. That only a ﬁnite number of attractive instability solutions exist intermittently along
the fault lies in contrast to the case when all parameters are held uniform. In the uniform case, an attractive
self-similar solution may be continuously translated along the fault, such that while the structure of the solution remains the same, the particular location of instability is not determined a priori. In this case, while the
asymptotic behavior of the instability may be determined by the self-similar solution, the particular location
is determined by details of the initial condition and external forcing. However, we ﬁnd that when properties
vary in space both the asymptotic acceleration of the slip rate and the location of that acceleration on the
fault is determined a priori by the heterogeneous distribution of parameters.
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